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Abstract
Temperature and luminosity functions of X-ray clusters are computed semi-analytically, combining a
simple model for the cluster gas properties with the distribution functions of halo formation epochs
proposed by Lacey & Cole (1993) and Kitayama & Suto (1996). In contrast to several previous approaches
which apply the Press{Schechter mass function in a straightforward manner, our method can explicitly
take into account the temperature and luminosity evolution of clusters. In order to make quantitative
predictions in a specic cosmological context, we adopt cold dark matter (CDM) universes.
Assuming the baryon density parameter ΩB = 0:0125h
−2 (h is the Hubble constant in units of
100kmsec−1Mpc−1) and the COBE normalization of matter fluctuations, temperature and luminosity
functions of X-ray clusters depend sensitively on the density parameter Ω0. Allowing for several uncer-
tainties in observational data as well as in our simplied assumptions, we conclude that Ω0  0:2− 0:5
and h  0:7 CDM models with/without the cosmological constant reproduce simultaneously the observed
temperature and luminosity functions of X-ray clusters at redshift z  0.
Subject headings: cosmology: theory { dark matter { galaxies: clusters { galaxies: formation { X-rays:
galaxies
The Astrophysical Journal (1996), October 1 issue, in press.
2 statistical properties of X-ray clusters
1 Introduction
Since clusters of galaxies are the largest virialized structure in the universe, they should retain the
initial conditions at their formation epochs fairly faithfully. This implies that detailed studies of the
clusters at high redshifts, as well as at present, should provide important clues to the evolution of the
universe itself. Since X-ray identications of clusters of galaxies are largely free from the projection
eect which notoriously plagues optically selected cluster catalogues, X-ray observations are suitable
for probing cosmological signatures from clusters of galaxies. Homogeneous samples of distant clusters
of galaxies, which recent X-ray satellites such as ROSAT and ASCA are constructing, will uncover
various statistical properties of clusters with higher reliability in the near future. Therefore, quantitative
theoretical predictions are of great value in interpreting the observed data properly.
Most theoretical approaches in X-ray cosmology rely on either state-of-the-art numerical simulations,
or simplied analytical formalisms. The former approach is limited by the dynamical range available on
the present computer resources; a typical core radius of clusters is (0:1  0:2h−1Mpc) while the mean
separation of the Abell clusters (richness class 1) is  55h−1Mpc, where h is the Hubble constant H0 in
units of 100km  sec−1  Mpc−1. A small-scale resolution much below the core size is essential because
a large fraction of the X-ray luminosity of clusters comes from the core. On the other hand, a large
simulation box size is a prerequisite for statistical studies of clusters. Unfortunately, it is still hard to
simultaneously satisfy these requirements even with the currently most advanced simulations (e.g. Kang
et al. 1994; Bryan et al. 1994; Cen et al. 1995).
A major fraction of the X-ray luminosity from clusters is produced via a fairly simple process, thermal
bremsstrahlung. Thus one may readily compute their temperature and luminosity functions at redshift z,
nT(T; z) and nL(L; z), once the mass function nM(M; z) is given, where T , L and M are the temperature,
luminosity and mass of the clusters, respectively. Although the Press{Schechter theory (Press & Schechter
1974, hereafter PS) is frequently applied for this purpose, it has a serious limitation in predicting the
temperature and luminosity functions; PS theory predicts the number density of virialized objects of mass
M collapsed before a given epoch z, but does not specify the formation epoch zf of the objects. In fact,
the predictions of the spherical nonlinear collapse model (e.g. Peebles 1980) suggest that the temperature
and luminosity of objects that virialize at zf should scale as T (zf) / (1+zf) and L(zf) / (1+zf)7=2 in the
Einstein{de Sitter universe, for instance. The previous approaches based on the PS formula (e.g. Evrard
& Henry 1991; Hanami 1993) have simply replaced zf by z in computing T and L (see also eq. [2.3]
below). This procedure corresponds to implicitly assuming that T and L of individual clusters decline
with time as T (z)=T (zf) = (1+z)=(1+zf) and L(z)=L(zf ) = (1+z)
7=2=(1+zf)
7=2. Numerical simulations,
on the contrary, suggest modest evolution in the opposite direction (e.g. Evrard 1990; Suginohara 1994;
Navarro, Frenk, & White 1995). While the above assumptions may not alter nT(T; z) and nL(L; z) for
larger clusters most of which would have formed only recently (zf  z  1), it is likely to aect the
results for less massive clusters.
This line of consideration motivates us to specify explicitly the formation epoch of virialized structures
and their subsequent evolution in making statistical predictions for comparison with observations. A key
quantity for this purpose is a distribution function of halo formation epochs proposed by Lacey & Cole
(1993, hereafter LC) and Kitayama & Suto (1996, hereafter KS) in a similar but slightly dierent manner
(see also Blain & Longair 1993; Sasaki 1994). In this paper, we combine these distribution functions with
a simple model of cluster gas properties to make quantitative predictions on the temperature and lumi-
nosity functions of clusters of galaxies in cold dark matter (CDM) universes with/without a cosmological
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constant 0.
The plan of this paper is as follows. Section 2 outlines the formalism we use in computing the
temperature and luminosity functions. Section 3 describes a model of X-ray clusters, and our main
results are presented in Section 4. Finally, Section 5 summarizes our conclusions.
2 Formulation
2.1. Temperature and luminosity functions
The temperature function nT(T; z) of X-ray clusters is dened as the dierential comoving number
density of clusters of temperature T at a given redshift z (the luminosity and mass functions, nL(L; z)
and nM(M; z), are dened in a similar manner). On the basis of the spherical collapse model (see
Section 3.1 and Appendix A), we assume that the temperature T and the luminosity L of X-ray clusters
are determined by the mass M , the redshift of formation zf and the redshift of observation z; i.e.
T = T (M; zf ; z) and L = L(M; zf ; z). Then a proper theoretical prediction for nT(T; z) and nL(L; z)
requires a quantity F (M; zf ; z), the number density of objects of mass M which formed at zf and are
observed at z, rather than simply a mass function nM(M; z). This is because T and L depend not only on





















By contrast, conventional approaches simply translate the PS mass function as (e.g. Evrard & Henry
1991; Hanami 1993)











which correspond to assuming that each cluster forms when it is observed (zf = z). In the above, the PS










 exp − 2c (z)22(M)

; (2.4)
where 0 (’ 2:781011Ω0h2 M Mpc−3) is the mean comoving density of the universe, 2(M) is the mass
variance of linear density fluctuations at the present epoch, and c(z) is the critical linear overdensity
evaluated at present for a spherical perturbation to collapse at z. In what follows, 2(M) and c(z) are
computed according to the formulae presented in Appendices A and B.
Since the conventional PS approach (eq. [2.3]) identies the epoch of formation zf with that of ob-
servation z, the temperature and luminosity evolution of individual clusters after their formation are not
properly taken into account. Our method (eqs [2.1] and [2.2]), on the other hand, can in principle include
the evolution more naturally. For this purpose, one needs an appropriate expression for F (M; zf ; z), as
well as an evolution model which species T = T (M; zf ; z) and L = L(M; zf ; z). We will discuss these
points in x2.2 and x3.1 below.

















































and M 0( ~S) is computed by solving equation () for M 0. Figure shows @p=@zf as a function of zf in CDM
models with 0 = 0, h = 0:7 and b = 1, where b is the bias parameter dened by b  1=(8h−1Mpc).
Note that, in the above denition of the halo formation epochs, the mass of a halo at zf and z is
dierent at most by a factor of 2. Supposedly this factor will be close to 2, since the increase of halo
masses is expected to be dominated by steady accretion of small objects (although the mass increase
is not necessarily continuous because of major mergers, the fraction of such events should be relatively
small). Thus the LC proposal implies that the quantity F (M; zf ; z) in equations () and () can be written
as
FLC(M; zf ; z)dMdzf  2
@p
@zf
(2M; zf ; z)nPS(2M; z)dMdzf ;
where M is the halo mass at zf , which is assumed to have doubled by z, and nPS(M; z) is the PS mass
function given by equation ().
As discussed by LC, however, the probability @p=@ ~!f given by equation () becomes negative for
small ~!f in the case of power-law matter fluctuation spectra P (k) / kn with index n > 0, implying
that the above denition of the halo formation distribution function is not completely self-consistent.
Since the eective power index of the observed fluctuation spectrum is negative below the cluster scale
(e.g. Peacock & Dodds 1994), this would not be a serious problem for most astrophysically interesting
objects. Nevertheless this clearly exhibits the importance of exploring other prescriptions for computing
the distribution of halo formation epochs.
One such alternative is given by KS. They derived expressions for the rates of formation and destruc-
tion of bound virialized objects based upon the conditional probability argument developed by Bond et al.
(1991), Bower (1991), and LC. Their formalism yields the number density of haloes of mass M M+dM
that form via major mergers at zf  zf + dzf and remain in the range M  2M at a later time z (see KS
x2.4):

















erfc[X(M; zf ; z)]















and X(M; zf ; z) and Y (M; zf ; z) are respectively
X(M; zf ; z) 
2(2M)[c(zf) − 2c(z)] + 2(M)c(z)p
22(M)2(2M)[2(M)− 2(2M)]
;
Y (M; zf ; z) 
2(M)c(z) − 2(2M)c(zf )p
22(M)2(2M)[2(M) − 2(2M)]
:
As mentioned by KS, the above denition (eq. []) for the formation epoch distribution may lead to a
systematic overestimation of the number of haloes that form by mergers at zf (see x4 of KS).
Strictly speaking, therefore, neither FLC nor FKS is a completely satisfactory expression for F (M; zf ; z).
In practice, however, FLC and FKS are in good agreement except at zf  z (Fig. ); the small discrepancy
is ascribed to dierent criteria of \formation" in the two approaches, because the formation epochs are
not uniquely dened for haloes which increase their mass quiescently via accretion. Furthermore, as will
be shown in x4, such a dierence between the LC and KS models does not aect the predictions for
nT(T; z) and nL(L; z) (see Figs and ). Thus we believe that they provide reasonable approximations to
F (M; zf ; z), at least for our present purpose.
F (M; zf ; z)T = T (M; zf ; z)L = L(M; zf ; z)x3.1.2 of KS), but slightly modify the hypothesis on the tem-
perature and luminosity evolution.
We make the approximation that X-ray clusters consist of dissipationless dark matter and baryonic
gas. The dark matter component dominates the total gravitating mass and is supposed to be in virial
equilibrium. Once the cosmological parameters such as Ω0 and 0 are specied, the virial radius rvir and
the virial temperature Tvir are determined by the mass M and the formation epoch zf using the spherical
collapse model (e.g. Peebles 1980; Appendix A) We compute these quantities from the mean density vir











where G is the gravitational constant, kB is the Boltzmann constant, mp is the proton mass, and  is the
mean molecular weight. Hereafter we assume that the intracluster gas is fully ionized with primordial
abundances of helium and hydrogen, and thus set  = 0:59.
For a cluster temperature of > 3keV, the contribution from the line emission on the total X-ray
luminosity can be neglected. Since the shape and amplitude of the temperature and luminosity functions
are derived observationally for relatively high temperature clusters (see the error box in Figs  below;
Henry & Arnaud 1991), we compute the X-ray luminosity only from thermal bremsstrahlung emission.
Incidentally, the X-ray line emission from less massive clusters may be important in considering the origin
of the soft X-ray background (Cen et al. 1995; Suto et al. 1996), and we will discuss the eect of line
emissions elsewhere (Sasaki et al. 1996).
statistical properties of X-ray clusters
We assume that the cluster gas is isothermal with temperature given by
T (M; zf ; z) = (zf ; z)Tvir(M; zf);
where (zf ; z) is introduced so that temperature evolution due to quiescent accretion of matter after zf can
be taken into account. Note that this treatment is possible because our method explicitly distinguishes
zf from z. As there is not yet a good theoretical model to describe the temperature evolution, we simply
suppose that (zf ; z) takes a power-law form:






Hydrodynamical simulations indicate that the temperature of clusters, once formed, does not change
drastically after virialization, and are roughly consistent with 0 < s
<
 1 (e.g. Evrard 1990; Navarro,
Frenk & White 1995).












where 0gas is the central gas density, and rc is the core radius. Since this is basically an empirical tting





rvir(1015 ; zf = 0)
where the normalization is chosen to match the X-ray observations (Abramopoulos & Ku 1983; Jones &









where ΩB is the baryonic density parameter of the universe chosen to be consistent with primordial
nucleosynthesis: ΩB = 0:0125h
−2 (Walker et al. 1991). We assume no intrinsic evolution for the gas
density prole, which is also suggested by numerical simulations (e.g. Navarro, Frenk & White 1995).
Combining all the above assumptions, the temperature T and the bolometric luminosity Lbol of X-ray
clusters in our model are roughly related to M , zf and z as follows:















where  is the eective index which varies weakly with zf , Ω0 and 0; e.g.  = 1 independent of zf in the
case of (Ω0; 0) = (1; 0), while  ’ 0:5 at zf  0 and  ’ 1 at zf > 2 for (Ω0; 0) = (0:2; 0:8).
nT(T; z)nL(L; z)TrcL(2 − 10keV)Ω00hz = 0
T − rcL(2− 10keV)− rcz = 0zf
<
1zfTLL(2− 10keV) − TΩ0LTL− T
L− TT = T (M; zf ; z)L = L(M; zf ; z)nT(T; z)nL(L; z)
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z = 0h = 0:7zfΩ00Ω00
sT (z)=T (zf ) = (1 + zf)
s=(1 + z)ss = 1nT(T; z = 0)(1 + zf)s = 0zfMT hzfi  0:5Lbol(z)=Lbol(zf) =
(1 + zf)
s=2=(1 + z)s=2





1Ω00:1  0:2s = 0h = 0:7(Ω0; 0) ’ (0:4; 0:6)(0:5; 0)s= 1(Ω0; 0) ’ (0:3; 0:7)(0:4; 0)Ω0h = 0:7
(Ω0; 0) = (0:3; 0:7)(0:4; 0:6)(0:4; 0)(0:5; 0)









 0:5Ω0 = 1
z = 01TT
>
2z  0L(0:3− 3:5)
>
1044h−2−1nT(T; z)nL(L; z)
Ω0Ω0  0:2− 0:5Ω0 = 1
statistical properties of X-ray clusters



















3 sinh f(sinh f − f)






sinh f − f
2=3#
;



































(1 + 0:123 log10 Ωf);



























1 + 3:89q+ (16:1q)2 + (5:46q)3 + (6:71q)4
−1=2
;
q  k=(Γh−1)Γ
Γ = Ω0h(T0=2:7)
−2 exp[−ΩB(1 +
p
2hΩ−10 )];
T0
